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Abstract: In this article, we consider the continuous analog of the celebrated Mandelbrot 
star equation with infinitely divisible weights. Mandelbrot introduced this equation to char- 

■ acterize the law of multiplicative cascades. We show existence and uniqueness of measures 
satisfying the aforementioned continuous equation. We obtain an explicit characterization of 

f - ^ 1 the structure of these measures, which reflects the constraints imposed by the continuous set- 

^1 , ting. In particular, we show that the continuous equation enjoys some specific properties that 

do not appear in the discrete star equation. To that purpose, we define a Levy multiplicative 

■ chaos that generalizes the already existing constructions. 
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1. Introduction 

o 

Mandelbrot [16] introduced the so-called random multiplicative cascades to exhibit random pro- 
cesses with nonlinear power-law scalings. This need of constructing random processes with such a 
power-law scaling goes back to the Kolmogorov theory of fully developed turbulence in the sixties 
(see [5, 22, 23, 6, 12] and references therein). They render the intermittency effects in turbulence. 
Random multiplicative cascades are therefore the first mathematical discrete approach of multi- 
fractality. Roughly speaking, a (dyadic) multiplicative cascade is a positive random measure M on 
the unit interval [0, 1] that obeys the following decomposition rule: 

M(dt) l = Z°l [0 i ] {t)M°(2dt) + Z 1 l [ i 1] (t)M 1 (2dt~l), (1) 

where M°,M 1 are two independent copies of M and (Z°, Z 1 ) is a random vector with prescribed 
law and positive components of mean 1 independent from M , M . Such an equation (and its 
generalizations to &-adic trees for b > 2), the celebrated star equation introduced by Mandelbrot 
in [15], uniquely determines the law of the multiplicative cascade. Since the seminal work of Man- 
delbrot, the star equation (1) has been intensively studied: of particular interest are the founding 
paper by Kahane and Peyriere [14] and the work by Durrett and Ligget [9]. The following literature 
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on the topic essentially builds on these two works. Let us also mention the article [7] which shows 
that the free energy of a directed polymer model can be obtained as the limit of the free energy of 
multiplicative cascade models, thus establishing a link between the two models. 

Despite the fact that multiplicative cascades have been widely used as reference models in many 
applications, they possess many drawbacks related to their discrete scale invariance, mainly they 
involve a particular scale ratio and they do not possess stationary fluctuations (this comes from 
the fact that they are constructed on a dyadic tree structure). 

Much effort has been made to develop a continuous parameter theory of suitable stationary mul- 
tifractal random measures ever since, stemming from the theory of multiplicative chaos introduced 
by Kahane [13, 3, 22, 2, 19, 20]. Nevertheless, in comparison with the discrete case, the state of the 
art concerning continuous time models sounds rather empty: laying the foundations like defining a 
proper continuous star equation is very recent and its solving only concerns the lognormal situation 
[1]. The main reasons are technical: first, Gaussian processes are very well understood and, second, 
the analysis of Gaussian multiplicative chaos is much simplified by the use of convexity inequalities 
for lognormal weights introduced by Kahane (see Kahane's original paper [13] or [1, Lemma 10] 
for instance). 

In this paper, we are concerned with solving the continuous star equation: 

★-Scale invariance. A stationary random measure M on R d is said to be -k-scale invariant if for 
all < e ^ 1, M obeys the cascading rule 

( M (A)) Aemd) '=> ( j A e"^M<(dr)) AeBm (2) 

where u e is a stochastically continuous stationary process and M e is a random measure independent 
from oj e satisfying the relation 

(M^(eA)) Aemd) l ^e d (M(A)) Aemd) . 

Intuitively, this relation means that when you zoom in the measure M, you should observe the 
same behaviour up to an independent factor. Notice that this definition is stated in great generality 
since no constraint on the law of w e is imposed. In the context of discrete multiplicative cascades, 
given any law for w e (up to some integrability conditions), this equation can be solved. However, 
the continuous case imposes the following constraint on u> e : 

Lemma 1. We consider a non trivial -k-scale invariant measure M on M. d . We suppose that for 
some x (and hence all x) the family e — > Lo e (x) is continuous in distribution and 

E[(M[0, l] d ) 7 ] < oo, E[e( 1+7 ^«^] < oo, Ve < 1 

for some 7 > 0. Then, for all e, the process Lo e is infinitely divisible. 

Hence, with minimal assumptions on uj e and the solution M , the process w e is infinitely divisible. 
In view of the above lemma, we can suppose that the process w e is infinitely divisible: we will make 
this assumption in the sequel. As suggested by the Gaussian case [1], this naturally leads to the 
issue of constructing random measures formally defined by 

M(dx) = e L * dx, 

where the process L is infinitely divisible with logarithmic correlations. We carry out this con- 
struction in Section 2, which generalizes already existing such attempts [2, 3, 10, 20]. We call such 
measures Levy multiplicative chaos. This construction enables us not only to give non trivial so- 
lutions to (2) (in Section 3) but also to characterize all the solutions to (2) (up to a few additional 
technical assumptions) . These solutions share the property of a specific structure for the law of the 
process uj e . This structure reflects the fact that the continuous star equation is far more restrictive 
than the discrete one (similarly, Levy processes are in some sense more restrictive than discrete 
simple random walks which can be considered with any law for the increments). 
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1.1. Notations 

We will use the following notations throughout the paper. B(E) stands for the Borelian c-field of 
a topological space E. A random measure M is a random variable taking values into the set of 
positive Radon measures defined on B(M. d ). We will say that M possesses a moment of order p > 
if E[M(K) P ] < +oo for every compact set K . A random measure M is said to be stationary if 
for all y £ R d the random measures M(-) and M(y + •) have the same law. A stochastic process 
(X t ) tgR d is said to be stochastically continuous if, for each t £ R d , X t +h converges towards X t 
in probability when h goes to 0. We will also use the shortcut ID in place of infinitely divisible. 
We remind the reader that every stochastically continuous random process admits a measurable 
version (see [4, Chapter 6]). We will only deal with measurable versions of stochastically continuous 
process in this paper. 

2. Generalized Levy chaos 

This section is devoted to the construction of measures that can formally be written as 

M(dx) = e h * dx, 

where L is a stationary ID process with a logarithmic spatial dependency. As in the Gaussian case, 
such a singularity of the spatial structure imposes to construct these measures through a limiting 
procedure where the singularity has been " cut off' . Hence we will understand these measures as a 
limit 

M(dx) = lim e x * dx, 

e->0 

where X e is a stationary ID process that converges in some sense towards L. The process X e will 
basically depend on two parameters: a generator (any stationary ID process) and a rate function. 
We detail below the construction. 

2.1. Generator and rate function 

Let (X t )t£M d be a stochastically continuous stationary ID random process. It follows from [17] that 
X admits a version given by 

X t = b+[ cos(t-A) W(d\)+ [ sm(t-X)W'(d\)+ [ f(T t {s)) [N(ds)~(lW\f(T t ( S ))\y 1 9(ds)} (3) 

JR d JR d JS 

where: 

• 661, 

• W, W , N are independent, 

• W, W are identically distributed centered Gaussian random measures on R d with covariance 
kernel given by E[M / (A)W / (i?)] = R(AnB) for some symmetric positive finite measure R on 
QR d ,£(R d )), 

• N is a Poisson random measure on a Borel space S with a cr-finite intensity measure 9, 

• / : S — > R is a measurable deterministic function such that 

/ (|/( S )| 2 A 1) ^(cfs) < +oo, 
J s 

• {T x )x is a measure preserving flow on (S,9). 
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In what follows, we will say that a stochastically continuous ID process is associated to (S, W, W ,N,9, R, /, (T x ) x ) 
if it is given by (3) where all the involved items are defined as described above. 
We define the Laplace exponents ip of X for p ^ 1 by 

for all (ti,...,tp) 6 (R d ) p and qi,...,q p el such that the above expectation makes sense. For the 
sake of clarity, ipo (i.e. the Laplace exponents of Xq, or equivalently of Xt for any t G K d ) will be 
denoted by ip. 

We assume that X possesses a second order exponential moment and we consider the following 
generalized covariance function: 

F(x) =</>o,*(l, 1) - 2^(1), x 6 R d . (4) 
Assumption 2. Let g be a nonnegative function in L\ oc (R + ,dy) such that 

Vx G R d \ {0} and a ^ 1, / + EMM! du < F In + + h(a, x) (5) 

Ja u a\x\ 

where h is some bounded continuous function on R + x M. d and F is some positive constant. The 
function g will be called rate function. 

2.2. Limiting procedure 

For any e G]0, 1[, we define a new stochastically continuous ID random process: 

X$=b\n-+ j [ cos(tg(y)-X)W(d\,dy)+ [' [ sin(tg(y) ■ A) W'(dX, dy) (6) 

+ /' / /(T ts(a) ( S ))[iV(d s ,dt/)-(lV|/(T t9(!/) ( S ))|)- 1 e(d S )^] (7) 
Ji Js V 

where: 

-W, W, N are independent, 

-W, W are identically distributed centered Gaussian random measures on W 1 x R^j_ with covariance 
kernel given by E[W(A)W(B)} = J AnB R(d\)^, 

-N is a Poisson random measure on the Borel space S x with intensity measure 9(ds) <g) 
-/ : S — >■ 1R and (T x ) x are the same as above. 

Clearly, X e is a stationary ID process. From [17, Theorem 5], it is stochastically continuous. In 
what follows, we will say that a family (X e ) e of stationary stochastically continuous ID processes 
is an approximating family associated to (S, W, W, N, 9, R, /, (T x ) x ) if it is given by (6) where 
all the involved items are defined as described above. Notice that the whole law of the processes 
(X £ ) e6 ] !] can be recovered from the law of the process X introduced in the previous subsection 
and the rate function g. For this reasons, the ID process X will be called the generator of the 
approximating sequence (X e ) e and g the rate function. 

We have 

\/q ^ 0,\/x G M d , E[e qX *} =E[e qX »] = e ln ^ iq) . (8) 

We stress that, in great generality, ip takes values into R+ U {+00} but it is finite at least for 
9 6 [0,2]. 

For e > 0, we define a random measure 

VA G B(R d ), M e (A)= { e x *~^ Xn -* dx. (9) 



J A 
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Clearly, for each fixed A with finite Lebesgue measure, the family (M e (A)) e( z] 01 [ is a positive 

martingale. Thus it converges almost surely. We deduce that the family (M e ) e almost surely weakly 
converges towards a limiting random measure M on B(M. d ). This measure will be called Levy 
multiplicative chaos associated to (5, W, W, N, 9, R, /, (T x ) x ). 



2.3. Main properties 

By stationarity and the — 1 law , we deduce (as in [13, 21]) 

Proposition 3. Either of the following events occurs with probability one: 

{M = 0} or {VB non empty ball, M{B) > 0}. 

In the second situation, we will say that the measure M is non degenerate. 

The non-degeneracy is expectedly related to the Laplace exponents of the generator: 

Theorem 4. Under Assumption 2, the measure M is non degenerate as soon as ip (1) — "0(1) < d. 

Corollary 5. Under Assumption 2 and provided that ip'(l) — V'(l) < d, the measure M almost 
surely does not possess any atom. 

In some particular situations, it can be proved that the condition ^'(1) — V'(l) < d is optimal 
(see [13, 3, 2] for instance). But the situation presented here is far more intricate and it is not 
optimal in great generality since we only require the correlation structure to be sub-logarithmic 
(Assumption 2). To illustrate the situation, let us focus on the second order moment. It is well 
known that, in the particular situations presented in [13, 3, 2], the measure M admits a second 
order moment if and only if 0(2) < d. In our case, the situation is not that clear. For instance, 
choose 9 equal to the Lebesgue measure on S — M. d , 9 any Levy measure on M. d and R = 0. The 
flow (T t )t is the usual group of translations. Take any positive bounded function / with compact 
support over M. d and g(y) = y q (for q ^ 1). Notice that the associated function F reduces to 
for all x such that the supports of / and T x f are disjoint, say for \x\ ^ R. Then for a > and 
lEl^ {0}, we have (where e x = x/\x\): 

+°° F(u"x) du = r + °° F(u*e x ) ^ 



U J\ x \^/9 U 

F(0) , 1 0(2) -2^(1), 1 

~ — — In, — = In, — asi-^ 0. (10 

q \x\ q \x\ 

Hence it can be proved that M admits a second order moment if and only if ^'( 2 )~ 2 ^'( 1 ) < a ] i which 
is quite a different condition from [13, 3, 2]. 

Hence, it appears that the condition ip'(l) — tJj(1) < d should be optimal when the rate function 
g is "not far" from the function g(y) = y. In that spirit, we claim: 

Theorem 6. If the measure M admits a moment of order 1 + 8 for some 5 > and if the rate 
function g satisfies g(y) $S y for y 1 then 

i>(l + S) - (1 + 6)^(1) < dS. 

In particular tp'(l) — V'(l) < d. 



3. *-scale invariant random measures 

In this section, we explain the connection between *-scale invariant random measures and Levy 
multiplicative chaos. On the first hand, we show that every Levy multiplicative chaos defines a 
★-scale invariant random measure provided that the rate function is defined by g(y) = y for all 
y 1. Then we show that all *-scale invariant random measures with a moment of order strictly 
greater than 1 are Levy multiplicative chaos, up to a few additional assumptions. 
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3. 1 . Construction 

We consider X e , M e and M as constructed in Section 2 with generator X and rate function g 
given by g(y) = y for all y ^ 1. Hence the process AT e is given by 

X e t =b\n- + [' f cos(iy • A) W(d\, dy) + [' f sin(ty ■ A) W'(d\, dy) (11) 

e Jl JM d Jl JR d 



f(T ty (s)) [N(ds,dy) (1 V |/(T i2/ ( S ))|)-^(rf S )^]. (12) 
i Js V 



Let us state a simple criterion to check Assumption 2: 
Proposition 7. Assumption 2 is satisfied if and only if 



i \F{ue)\ , , s 

sup / 1 v n du < +oo. (13) 



|e|=l Jl 

Theorem 8. Assume that Assumption 2 (or equivalently (13),) holds and that ^'(1) — V'(l) < 
T/ien M is non trivial and *-scale invariant. 

Hence, the *-scale invariance property only depends on the choice of the rate function. This shows 
in a way that there are as many *-scale invariant random measures as stochastically continuous 
ID processes (up to the condition ip' (1) — < d). 

The existence of a second order moment is ruled by the following condition, which seems to be 
more conventional than the counter-example described in (10): 

Proposition 9. The measure M admits a second order moment if and only if F(0) < d. 

A straightforward adaptation of our proofs shows that: 
Proposition 10. A -k-scale invariant random measure M is multifractal in the sense that: 

,. InE[M([0,t])«] 

hm , ' =q- rp(q) + # 1 , 

t|0 In t 

where tf> is the Laplace exponent of its generator. 
3.2. Uniqueness 

Conversely, we now want to describe as exhaustively as possible the set of all *-scale invariant 
random measures. For that purpose, we introduce a few additional assumptions: 

Assumption 11. We will say that a stationary random measure M is a good -k-scale invariant 
random measure if M is -k-scale invariant and satisfies: 

1. the process ut e admits exponential moments of order 2, that is Ele 2 ^ -*] < oo. 

2. for e < 1, the generalized covariance kernel associated to the ID process uj t : 

Mx G K d , F e (x) := \og(E[e^'^ +u '^}) 

satisfies 

r+co 

Vx^O, \F e (x)\^C e 6{u)du. (14) 

J\x\ 

for some positive constant C e and some decreasing function :]0, +oo[— !> R + such that 

6{u) \n{u) du < +oo. (15) 

i 
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3. there is e s]0, 1] such that, for each p ^ 1, q\, . . . , q p £ K and ti, . . . , t p G R p , ifte mapping 

Mi, ... , t p ) i ^ Efe* 91 "'^^'^ 5 ] 

is differentiable w.r.t. €q with a derivative continuous w.r.t. (t\,...,t p ). 

It turns out that the condition on the exponential moments of order 2 of w c is also necessary 
as soon as the measure M possesses a moment of order 2. Point 2 is a decorrelation property at 
infinity whereas point 3 is a regularity property. In what follows, we denote by ipe the Laplace 
exponent of ui e : 

ip e (q) =lnE[e 9 ^ (0) ] 

for all q £ M such that the above quantity is finite. Notice that, as soon as the measure M possesses 
a moment of order 1, the condition ip t (\) = is a necessary condition for the solution of (2) to be 
non trivial. 

The main result of this paper is the following: 

Theorem 12. Consider a good -k-scale invariant measure M. Assume that M admits a finite 
moment of order 1 + S for some S > (i.e. K[M (B) 1+s ] < oo for some open ball B). Then there 
exists a random variable Y G L 1+s and a Levy multiplicative chaos Q (independent from Y and 
non-degenerate) with associated rate function g(y) — y such that 

M{dx) l =YQ(dx). 

We conjecture that the same theorem holds if M is a *-scale invariant measure with a finite 
moment of order 1 + 6 for some S > 0. Therefore, we think Assumption 11 is just a technical 
assumption (which we can not avoid at present) and that our theorem characterizes all ★-scale 
invariant measure with a finite moment of order 1 + 5 for some S > 0. The general case of *-scale 
invariant measures with no finite moment assumption is currently under investigation and requires 
the introduction of a different set of measures (work in progress) . 

Remark 13. When M is a good -k-scale invariant random measure, the law of M is entirely 
characterized by the law of the process w e in (2) for some e E]0, 1[. Furthermore, the law of the 
finite dimensional distributions of the generator X can be recovered from those o/w e by the following 
procedure: define the Levy exponents rf , rj of uj e and X, that is 

]g|gigiw e (ii)H h'jg P cj 5 (tp)j _ e ri e (qi,...,qp,ti,...,tp) ~E\e iqiXtl ^ ^ i 1p Xt p^ = e v(.Qit—i9ptti<—ttp) 

Then we have ^ 

deV £ (Qi, ■ ■ ■ > q P ,h, ■ ■ ■ ,t p ) = — j 7 ?^ 1 ' • ••'?!»—>•••>—)• 

e e 

4. Examples 

4-1- Lognormal case 

The lognormal case, that is when the generator of the *-scale invariant measure is a Gaussian pro- 
cess, has been entirely treated in [1]. Of course, the assumptions are less restrictive concerning good 
★-scale invariant measures since their generator can be entirely described with its two marginals, 
that is its covariance function. As a consequence, we do not require Assumption 1 1 point 3) in the 
lognormal case. 
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4-2. Reminder about log-ID independently scattered random measures 

The next examples are based on log-ID independently scattered random measures so that we first 
collect a few well known facts about these measures. The reader is referred to [18] for further 
details. 

We remind the reader that an ID independently scattered random measure /i distributed on a 
measurable space (S, B(S)) with control measure F and kernel if is a collection of random variables 
(ji(A),A £ B(S)) such that: 

1) For every sequence of disjoint sets (A n ) n in B(S), the random variables (p(A n )) n are inde- 
pendent and 

fi({jAn) = ^2u(A n ) a.s., 

n n 

2) for any measurable set A in B(S), fJ-(A) is an ID random variable whose characteristic function 
is characterized by 

E(e tq ^) = E[e lt ^ A) ] = exp ( J K{q, s)F(ds)) . 
The control measure T is a positive cr-finite measure on S and the kernel K takes on the form 

K(q, s) = iqa(s) - ^V(s) + f (e* qz - 1 - iqr{z))g{s, dz), (16) 
* Jr 

where 

\a(s)\ + a 2 (s) + / min(l, z 2 )g(s,dz) = 1 9 a.e. (17) 
Jr 

Here a, a belong to L ca (S, T) (a non-negative) and g : SxB(M) — > [0, +oo] is such that for each fixed 
s G S, g(s, dz) is a Levy measure on K and for each B £ B(R) the function g{-, B) is measurable and 
finite whenever does not belong to the closure of B. The function r is any truncation function. The 
random measure is characterized by the triple of measures (a(s)6(ds), a 2 (s)0(ds), g(s, dz)9(ds)). 
Conversely, to such triple corresponds a unique (in law) ID independently scattered random mea- 
sure. 

4-3. Barral- Mandelbrot's type -k-scale invariant MRMs 

We consider the situation when the dimension d is equal to 1. We introduce an ID independently 
scattered random measure fj, distributed on (M x B(Rx K+)) with control measure 

T(dt, dy) = dty~ 2 dy 

and kernel 

K (q, (*, y)) = <p(q) = im q - + / { e%qx - 1 - n^\ x \ ^ 1) v{dx) 

* JR* 

where v(dx) is a Levy measure on M and m, a £ R. We denote by ip the Laplace exponent associated 
to (p, that is tp(q) — (p{—iq) whenever it makes sense to consider such a quantity. We assume that 

iKi) = o. 

We can then define the stationary stochastically continuous ID process (cdi(t))t&g, for / > by 

0Jl{t) = u(Ai(t)) 

where Ai(t) is the triangle like subset Ai{t) := {(s, y) £ R x R* + : I < y < T, -y/2 < t - s < y/2}. 

Define now the random measure Mi by Mi(dt) — e Ul ^'dt. Almost surely, the family of measures 
(Mi(cft))/>o weakly converges towards a random measure M. When ^'(1) — < 1, this measure 
is not trivial (see [2, 3]). 
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Let us check that M is a good *-scale invariant random measure. Fix e < 1 and define 
the sets Ai,eT(t) {( s >y) ■ 1 < V < eT,-y/2 < t - s < y/2} and At,tW := {(s,y) : 
eT < y < T,-y/2 < i - s < y/2}. Note that ^(i) = A, e r(i) U At,t(*) and that those two 
sets are disjoint. Thus, we can write for every measurable set A 

Mi{A) = [ e^ r - r(t) e^ r(t) (ft (18) 

J A 

with u> £ t,t(X) = m(At,t(*)) and wj, e r(*) = /i(-4j, e r(*)). 
i 




t 
We then study equation (18) in the limit Z — > 0; we obtain 

M (A) = [ e" 5T ' r(t) M £ (dt) (19) 

J A 

where M e is the limit when Z — » of the random measure Mf(dt) := e^'-^^dt. We easily verify 
that M e (cA) l = eM{A) writing 

Mf{eA) = e [ e u ^ T ^dt (20) 

J A 

and checking that the finite-dimensional marginals of the process (w; !£ T(et))t6R are the same as 
the one of (uj^ T (t))t&R (see [3]). 
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By computing the Levy exponents of the process w £ t,t('): 

JgJgigiWcT,T(ii)H Hq P u) tT ,T{tp)^ _ e il>'(qi,—,q p ,ti,...,t p ) ^1) 

we obtain: 

r(qi,...,q P ,h,...,t p )= Jj2q 3 f(T ytj (r))]dr^- (22) 

j \ </]r j ^ y 

where f(r) = 1[_ z zj (?*) and T s : f £ 1 h> t—s G K is the usual shift on M. It is then straightforward 
to check that M is good provided that J z>1 e 2z v(dz) < +00. We stress that the Levy exponents of 
the generator, say X, are given by 

c p 

E [ e iqiX(ti)+-+iq I ,X(t p )} =exp( / ^(X^'/^M)) dr )- 

3=1 

In this example, the *-scale invariance property is easily understood via the geometric properties 
of the process, namely the scaling properties of the cones. Generalizing this example by means of 
geometric considerations is far from being obvious and has never been done in the literature. On the 
other hand, in view of the results in this paper, the generalization is straightforward. It suffices to 
change the function /. To get things simpler, we can, for instance, choose / equal to any measurable 
function bounded by 1 with compact support. 



4-4- Stable Levy chaos 

We focus now on another situations of interest. We consider an infinitely divisible independently 
scattered random measure /i distributed on K with the Lebesgue measure ds as control measure 
and kernel 

K(q,t)=Tp(q)=imq+ (°° {e^ - 1)-^ 
Jo x 

for some a G]0, 1[. Then the associated Laplace exponent is given by 

- r(i- a ) a 

w[q) = mq q ■ 

a 

Let (Ti)t 6 R be the family of usual shifts on R. Let / : M. — > R + be any integrable function with 
compact support. We define 

\\fh = [ f(s) ds < +00, ll/IU = f f(s) a ds < +00. 

We consider the stationary ID random process: 

Vt 61, X t = j f{T t {a))n{da). 

We have 

E[e gXt ] = e^( qf(s) ) ds = e^H/lli- 1 ^!!/!!"^. 

So we must set m — r ^a||/|[/^° to ensure the normalizing condition ^(1) = 0. It is obvious to 
check that X possesses exponential moments of second order. We assume that ^'(l) < 1) that is 

ll/IU< 



r(2-a) 



Hence, we can consider the Levy chaos with generator X and rate function g(y) = y. It is a non 
trivial good *-scale invariant random measure. The scaling factor w c appearing in (2) is a stable 
ID process. 
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A. Proof of Lemma 1 

We first state the following intermediate lemma: 

Lemma 14. Let {F(x)) x ^s.d and (G(x)) x ^d be two stationary and non negative stochastically 
continuous processes. We consider a non trivial stationary random measure n on M. d independent 



1+71 



< oo, ano 



of F,G. We suppose that there exists 7 > such that E[F(ir) 1+7 ] < 00, ~E[G(x) 
E^i-T) 7 ] < 00 for all compact set K . If the following equality on measures holds: 

F(x)r)(dx) G(x)rj{dx) 
then the two processes F and G have same law. 

Proof. We consider the case d = 1 (the higher dimensions work the same). Let 8 > 0. Notice that 
E[?7([0, S]) a ] > for all a g]0, 7[. Indeed, the measure is stationary and non trivial. Choose now a £ 
]0, min(7, 1)[. Notice that the mapping x € R+ H> x a is sub-additive. Therefore \x a — y a \ ^ \x — y\ a 
for any x,y J? 0. We deduce the following inequality: 



E 



F(x)r)(dx) 



F(0)n(dx) 



€ E 



F(x)n(dx) 



F(0)n(dx) 



(f \F(x) - F(0)\ V (dx) 



The mapping x G M + 1— > x a is concave. So we use Jensen's inequality applied to E[.|ry] and we get: 



E 



F{x)rj(dx) 



-E 



F(0)n(dx] 
s 

E[\F(x) - F(0)\]r)(dx) 



sC sup E[|F(a;) - F(0)|] Q E [r/[0, J] c 

xG[0,<5] 



Since sup^o.5] ^[I^X 3 -) — -^(0)0 0' we get that: 



; A F(xHdx) 



E[ri[Q,6\°] 



l[F(0) a }. 



Similarly, we get the above convergence with F replaced by G: this shows that F (0) and G(0) 
have the same distribution. We show similarly, for all X\,--- ,x n , that (F(xi),--- ,F(x n )) and 
(G(xi), • • • , G{x n )) have the same distribution. □ 

Now, we can finish the proof of lemma 1: 

Proof. By iterating (2) and using the above lemma, the process (u} e (x)) x£ ^d is such that (e, e' < 1): 



(uj ee ,(x)) xmd l = (u> e (x)+uj e >(-)) x&]l 



(23) 



where Lu e and cj c < are independent copies of cu e and U) e i. We fix e and consider e„ = e« . Of course 
= e. By iterating the cascade rule (23), we get: 



= (E«£>(4)) 



fe=0 
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where the iJ£^ are independent processes of law w £n . Fix x, y G R d . We therefore have for all A, /i: 

n-l 

X^(x)+^ e (y) £^£(4) +^(4) 



A-il ^ 



The stochastic continuity of the process u> with respect to e entails, for all r\ > 0: 

sup P(| M o;W(4) + A W W(4)|>r ? ) -> 0. 
< k < n-l e « £n n ^°° 

By a classical theorem on independent triangular arrays (see chapter XVII in [11]), this shows that 
the couple (to e (x), Lu e (y)) is ID. One proceeds similarly to show that, for all (x±, • ■ • , x n ), the vector 
{u) e (xi), ■ ■ ■ ,u e (x n )) is ID. 

□ 

B. Proof of Theorem 4 

We adapt the proofs of [13, 20]. 
• The class R a . 

Let B be a non empty ball of R d . We introduce the set R a of Radon measures v on B satisfying: 
for any e > 0, there exist 5 > 0, D > and a compact set K £ C B with v(B \ K £ ) < e such that 
the measure v e := lK e (x)v(dx) satisfies, for every open set U C B, 

v e {U) sC D x dmTO(C/)" + ' 5 . (24) 

We further define the set of Radon measures R" :— n^< a i? /3 . For a Radon measure v, we define 
the quantity 

C a {v) := / | -v{dx)v(dy). 

J bxb \x-y\ a 

It is plain to see that 

C a {v) < oo v G R°_. 

Conversely, a measure obeying (24) satisfies Cp{v) < +oo for all [3 < a + 8. 
We show the following intermediate result: 

Lemma 15. Consider a Radon measure n G R a . Let N be the Radon measure defined on B by 
N{dx) := \ime x *-^ 1)ln (i)K(dx) =: \im N e (dx). 

If F < a, then the martingale (N e (B)) e is regular and N G R a -ip'(i)+ip(i) ■ 

Proof. We first show that the martingale (N e (B)) e is regular. For this, we use the fact that F(-) 
verifies Assumption (2) to get (for some positive constant S — sup R xR d \h\): 



BxB 

e J 



E[N e (B) 2 } = I E |e x »+^J e -2^(i)in(|) K (dx) K (dy) 
°J' ,e F U*K*-v))* K ( dx )K(dy) 



I BxB 

< f e^ lF ( 9{u){x ~ v) )^ K (dx)K(dy) 

J BxB 

< f e Tln+ T^i +s K (dx) K (dy) 

J bxb \\x-y\ F ' 
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and the last integral is finite as soon as F < a. Hence, the martingale (N e (B)) e is regular. 

We consider a compact set K C B. Even if it means multiplying n by a positive constant, we 
assume that k(K) — 1. We consider on fl x K the probability measure Q defined by 



f(w,x)d®:= 



f{u,x)N(dx) 



K 



where / is some non negative measurable function. 

For < e' < e < 1, we define the process (X* ' £ ) x <=wid by 

Vx G R d , X** := X|' - X| - V(l) ln(e/£')- 

Because of expression (11), it is straightforward to check that, given e\ < £2 < ■ • ■ < £«, the 
processes X £l ' £2 ,X e2 ' £3 , . . . ) X £n - 1 ' £n are Q- independent. Moreover, for A ^ and because (N e ) e 
is uniformly integrable, we have 



E 



A" 



A J 1 e ' cos ( ;c 3(y)' u ) W (du,dy)+sin(xg(y)-u) W' (du,dy)+Xb\n -^■—Xip(l) \n(e/s f ) 



A/f / s /(T tg(H) ( S ))[W(d S ,d ! ;)-(lV|/(T ts(j/) ( S ))|)- 1 fl(d S )f ] x£ '_^ (1) i nJr 
X C e C x e 



n(dx) 



E 



K 



(A+l) / Rd co 8 (x 9 (a)-u) W(d«,dy)+sin( a:s (y)-t l ) W' (du,dy) + (\+l)b In ^~ (A+1)V(1) ln(e/ E ') 



(A+i)/i 77 / s /(T tg(! ,)( s ))[A'(<i s ,dy)-(iv|/(T tg(! , ) ( s ))|)- 1 e( ( i s )^] 



XA+1) ln(e/ £ ')-(A+l)V(l) In(e/e') 



n(dx) 



In particular, under Q, the process u G M + i-> X e - 1 is an integrable Levy process. Thus from the 
strong law of large numbers, we get that Q-almost surely: 



X 



e~",l 



when u — ^ 00. Consequently, P almost surely, 



TV a.s., 



XI 



(25) 



In particular, by Egoroff's theorem, there exists a compact set C K such that iV(iif \ if*) < e 
and the convergence (25) is uniform with respect to x G if*. Let now 9 > 0, and define N q (dy) := 

lim^o e y n{dy) and P g (x) := N q (B% n if) where denotes the ball centered on x and with 
radius e~ 9 . We finally define the function 

9qi x >y) '■= ^-{\x-y\ ^ e-«}) 
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in such a way that P q (x) — J K O q (x, y)N q {dy). Thus we have: 



dQ = E 



A x A 



9 q (x,y)N q (dx)N(dy) 



Um E 

£^0 



[{x,y)e Xx ' +x y n(dx)K(dy) 



KxK 



9 q (x,y)e I ^^ F(9(uKv - x)) ^K(dx)n(dy). 



KxK 



Let /3 > F be fixed. By using Assumption 2 and the above relation, we obtain (for some positive 
constant S = sup R+xR d \h\) 

[ V e Pn P n dQ = V / ^ n (a:,2/)e^e / [«".-] ir(s( ™ )(s '- a:)) ^K(da;)K(dy) 

■/ « 1 ~ ^ 1 JKxK 



K x A' 



E 



K(dx)K[dy) 



1 ^ n < -ln(|x-j/|) 



KxK 



KxK 



1 ^ n < -ln(|z-i/|) 



E 



3 (/3-F)n. 



1 ^ n < -ln(|x-j/|) 



|x - y[ 



--K{dx)n(dy) 



Note that, for some positive constant D, 

E 

1 ^ n < -Infls-i/l) 

in such a way that 

J e 0n P n dQ^De s J 



KxK \X ~ # 



K{dx)n(dy) = DD'C p {k). 



The last term is finite as soon as (3 < a. Thus for (3 e]F,a[, Q a.s., e /3 ™P„ — > as n — > oo. In 
particular, one can find a compact set i^^ C K such that iV(.K" \ K^) < e and such that, TV almost 
surely, 

lim sup ^ — p 

n— >oc H 

uniformly for x £ K^. Setting K := K^OK^ and N R := l^(x)N(dx), we get that, uniformly with 
respect to x € K: 

\og{N R {BD) log (j K e x i~ n -^N n (du) 
lim sup = lim sup 



Ti 71— J-OO Ti 

This entails in particular that M £ R a -if}'(i)+4>(i)- 
Making use of Lemma 15, we now prove Theorem 4. 



□ 
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Proof of Theorem 3. The basic idea is to show that a Levy multiplicative chaos satisfying ^'(1) — 
< d can be decomposed as an iterated Levy multiplicative chaos. 
First, fix an integer n such that 

F <n(d-ip'(l)+ip(l)). 

There exist n independent identically distributed approximating families (X^^, . . . X( n )' e ) ee ]o ) i[ 
respectively associated to (5, , W'^> , N®, R/n, 9/n, f, (T x ) x ) where the {W^,W'^\N^) l <j { ^ „ 
are all independent. We assume that the triples (W^ l \ W'^\ iVW), {W {n \ W' {n \ AT(™)) are re- 
spectively constructed on the probability space (fi^P 1 ), . . . , (f2„,P™), and we define il :— Hi x 
. . . X Q„ equipped with the probability measure P := P 1 €3 . . . <g> P™. 
We define recursively for 1 k ^ n: 

;:! -^^) M (M (dl) 



M (0) (da;) := da;, M (fc) (da;) := lim e x - 

s\0 



(26) 



where the limit has to be understood in the sense of weak convergence of Radon measures. For 
k S [1, n — 1], one has the relation 

- <d--(^(l)-V(l)). 
n n 

so that we can apply recursively Lemma 15 to prove that for each k ^ n, 

E[AfW(£)] = EIM^- 1 )^)] and M« G ii d _i (#(1) _^ (1)) . 

In particular, the martingales considered in (26) are uniformly integrable. Then we prove that the 
measures M and have the same law. For this, we note that the following equality in law 

holds: 

M^(dx) = li me 4 IV +-+4"'"-*(i)Mi/^. (27) 



e\0 



Indeed, consider the er-algebra Q e generated by {X r 



(l).e' 



}. Using the fact 



that the martingales considered in (26) arc uniformly integrable, we compute: 



MW(4) 



E 



M^ n \A) 



'(n),eS 



,e'>e 



E («) M W(A) (lW' £ ') r 

4" ),e -* 1 log(Ve) M (n-1) ( dr ) 



-V(l)log(l/e) rf ^ 



Since this last quantity has the same law as M e (A), (27) follows by passing to the limit as e — > 0. 
Since E[MW(A)] = \A\, we deduce E[M(A)] = Hence M is not trivial. Furthermore we have 
proved that M <E Rd~xp'(i)+xp(i)- In particular, M cannot possess any atom. □ 

C. Proofs of Section 3 



C. 1 . Proof of Proposition 7 

We have 



\F(ux)\ 



du = 



\F{ue x )\ 



du 



a\x\ 
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where e x — f-r. For a\x\ ^ 1, this quantity is less than (13). For a\x\ ^ 1, we have the bound: 



a\x\ 



U h U 



, 1 f°° \F(ue x )\ 
<;F(0)ln— + / 1 v xn du 



a\x\ J l u 

because l-FX^) ^ F(0). Actually, because of the continuity of the function F at 0, it turns out that 
we have J", , F( -^ ex - > du ~ F (0) In ^ as |a;| — > 0. We deduce 

r°° F(hp \ 1 

/ ^ " x> du ~ f (0) In n as|ar|-K). (28) 

□ 



Proof of Proposition 9 

We just have to compute the second order moment (we use the notation e, 

E[M e (A) 2 } = [ E 

J Ax A 

= f eX /eF (<*-^dxdy 

JAxA 

= [ e^ F ^)^dxdy. 

JAxA 

In case M admits a second order moment, we deduce that the quantity 

E[M{A) 2 } = f e J l*-vl F ( ue -»)4r dxdy 

JAxA 

is finite. Because of (28), we necessarily have F(0) < d. Conversely, if -F(O) < d then sup e E[M e (A) 2 ] 
is less than the above right-hand side, which is finite. The proof is complete. □ 



dxdy 



C. 3. Proof of Proposition 8 

For < e < 1, t\, ... ,t p € (M. d ) p and qi,...,q p G K such that the following expectations make 
sense, we define the Laplace exponents ip e of X e : 

E[e 9lX 'i + '" +<?pX *p] = e^'i tp^ 1 ----' 9 ?). 
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For e' < e, we have 



^,...,^(91, ■•■,%>) 
p 



LI 1 V- 1 



Y^g, cos(ytiu)) 2 R(du)— + ^ 



( 3< ^ n (v t i u )) R(du) 



dy 



i=l 



f ' / ( e E?. l9! /(T tl! ,(,))_ 1 _^ (?j _ 

1 ^ s i=l 



/(Tt ltf (*)) 



0(ds) 



dy 



z— 1 



V|/(T tiy ( S ))|y v ' y 



( qi cos(yUu)) 2 R(du)— + i / / ( V] sm(yi i u)) 2 R(du) — 



V ^ 94 lV|/(T t ,„( S ))| 



dy 

6{ds)— +ipt u ..., tp (qi,---,q P ) 



gi cos(y— u)) 2 i?(du 



£?=i «/(rii.W) 



k ,s2 , dy 1 

7 2 



} q t sm(y— u)) R(du) 

i=l J 



v|/(r^( s ))|. 



)^)^+# 1 ,... )tp (gi,...,g P ) 



Hence we can write 

(X*V= (^ + *|)* (29) 

where X 5 is independent from X e and has the same law as X~ . It is then plain to deduce that 
M is *-scale invariant. Indeed, define M e by 

VieB(l d ), M e (A)=lim / e** ~^ {1)ln1r dx. 

A straightforward change of variables shows that 

M e (dx) '= e d A/(da;/e). 

From (29), we deduce 

M(dx) = e x '^ {1)ln -'M e {dx). 

D. Proof of Theorem 12 

We carry out the proof in the case when the dimension is equal to 1. This simplifies the notations. 
In higher dimensions, the proof works the same. 

The guiding line is the same as in [1]. But the lack of convexity inequalities, which are specific 
to the Gaussian case, gives rise to further technical difficulties. So we detail what differs and refer 
to [1] for the proofs of the results that do not change with respect to the Gaussian case. 

D.l. Setting 

We consider a non trivial measure satisfying (2) with a moment of order 1 + 8 for some S > and 
a fixed e g]0, 1[. The first step is to prove that the measure M is a Levy multiplicative chaos. Since 
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M is not trivial and possesses a moment of order at least 1, we necessarily have 

\fx e R, E[eP'W] = 1. (30) 

Because it is stochastically continuous and ID, the process w c admits a version with a representation 
as in (3) with associated parameters (S e , W £ , W' t , N, 6 S , R e ,f e , (T£) x ). The Laplace transform of oj e 
is denoted by 

Ml) =lnE[e«"«W]. 

It satisfies ^> e (l) = 0. We let (X n ) n denote a sequence of independent stationary stochastically 
continuous ID processes with common law that of w e . Of course, the law of this sequence depends 
on e but we remove this dependence from the notations for the sake of clarity. We also define the 
measure M N for N by 

M n (A):=s^m(J tt a). (31) 



We assume that the sequences (X n ) n and (M n )n are independent. Iterating the relation (2), we 
get that, for every integer N, the measure M N defined by: 



M N (A) 



has the same law as the measure M. 



^exp^fXvWw ( 32 ) 



Lemma 16. (see [1]) Let M be a stationary random measure on M admitting a moment of order 
1 + 8. There is a nonnegative integrable random variable Y £ L 1+s such that, for every bounded 
interval I C K, 

lim — M (TI) = Y\I\ almost surely and in L 1+s , 

where \ ■ \ stands for the Lebesgue measure on R. As a consequence, almost surely the random 
measure 

A 6 B(R) ^ ^M(TA) 

weakly converges towards Y\ ■ \ and Ey[JVf (A)] = Y\A\ (1Ey[-] denotes the conditional expectation 
with respect toY). 

Thus, in what follows, the random variable Y will be defined as the unique (up to a set of 
probability 0) random variable such that Ey[M(A)] = Y\A\ for all Borelian sets A. 
For x 7^ 0, define: 

oo 

S s (x):=J2Mx/e n ) (33) 

where F s (-) is the generalized covariance function associated to lu £ (see Assumption (11)). The 
uniform convergence of the series on the sets of the type {x £ K; |x| ^ p} is ensured by (14) (see 
[1]). Then we can reproduce the proofs if [1, Section 5.2] by replacing K e by S e in the proofs. 

D.2. M is a multiplicative Levy chaos. 

Let us define the a algebra Fn '■= o~(X°, . . . , X N , Y). For every Borelian subset A C K, we define 

G N (A) := E \m n (A)\T n ] . (34) 



As in [1], we prove 

N 



VN > 0, G N (A) = Y J exp (^X^A dx. 



(35) 
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Hence, for each bounded Borelian set A, the sequence (Gn(A)) n is a positive martingale bounded 
in L 1+s . Being bounded in L 1+s , the martingale Gm{A) converges towards a random variable Q(A) 
which should be formally thought of as: 



Q(A)=y^exp 



The result below is proved in [1] and uses specific properties of Gaussian processes, namely 
Gaussian concentration inequalities due to Kahane. It turns out that we can carry out the proof 
while skipping these inequalities: 

Lemma 17. For small enough 7 £]0, 6[, there exists p > such that: 







\ 1+7" 




K 


o,i" 




< 00 




n 







supn 1+p I 

n 

The central lemma for establishing Lemma 17 is the following: 
Lemma 18. The finiteness of a moment of order 1 + S (for some 5 > 0) implies 

Ve<l, ^(l)<lni, 



(36) 



and V7 G [0, 8[ 



Ve < 1, ipJl + 7) < 7 In-. 

e 



(37) 
(38) 



Proof. Let us fix e < 1 and define for q ^ 1: 

F e (g,r) =lnE[e<^ r ) +< ^°)]. 

Let us consider /i > 1 such that (1 + S)h = 2. By concavity of the function x M> x x / h , we can make 
use of Jensen's inequality to get for N ^ 1: 



E[M([0,1]) 1+5 ] 



E 



= E 



M([0,i]) 2x * 



l/n rl/n 



l/ti 



> E 



Jo 

l/n r l/n 



e^=oX p (7r)+x p ^) M N-i idr)M N-i {du) j 
ei^o lxP (^+ XP ^)M N - 1 (dr)M N - 1 (du)M N - 1 ([0, -]f/ h - 



^ e 



Jo 



where we made use of the fact that the sequence (X n ) n ^ is independent of the random 
measur 

obtain: 



measure M™" 1 . Now we choose N such that = — for some a > 0, that is TV = ln "+}""■ . We 



1 



^E [M([0,a]) 1+5 ] 



Now, we use the super-additivity of the function x 1— > x 1+s to obtain: 



[^([o,i]) 1+ ^E E ^([^^]) 1+ 1 



fc=i 
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By gathering the above inequalities, we deduce: 
E[Af([0,l]) 1+5 



1 (lnn+lna) "' t|r| ,r) 1 , . xS1 

> n ^r+5 ^ ^ E 



Because the left-hand side is bounded independently of n, we necessarily have: 



Ve > 0, 



In- 



^ 5. 



(39) 



By letting a go to and by continuity of F e (i,-) at (cj e is stochastically continuous with a 
moment of order 1 + 6), we deduce 



v e >o, M^a. 

In = 

e 

By convexity arguments, it is then plain to deduce that 

«li<i. 

hi A 



(40) 



(41) 



Indeed, the (not strict) inequality results from (40). If equality holds, this means that ^(1+7) = 1 
for all 7 € [0,8[. By analycity arguments, this implies that the law of the process uj e is that of a 
constant and the measure M is thus trivial. This is in contradiction with our assumptions. The 
same type of argument leads to (38). □ 

Proof of Lemma 17. We consider 7 £]0,<5[. As the function x H> x 1+y is convex, we make use of 
Jensen's inequality to get for N ^ 1: 



W[0,^]) 1+7 ]=E 



E 



1+7 



1- 



/ 6 M^Hdr)] M N - 1 (\0,-}) 

0,l n 1 ' u ' n 1 ' 



1+7 



Jo n 
M ^-i([0,I]) 1+ 



< E 



,(i+7)E"V^ p (°) 



3 7VV«(1+7)]E 



1 in 1+7 



where, once again, we made use of the fact that the sequence (X n ) n ^ jv-i is independent of the 



random measure M N 1 . We choose N = , in order to have e N = — . We get that 

In e n 



E[M([0^]) 1+ 1^- + , _ 



L — E[M([0,l]) 1+5 ] 



We are thus left with checking that , 1 < 1. This the the content of Lemma 18. 

n — 



□ 



Let us stress that, as an immediate consequence of Lemma 17, the measure M does not possess 
any atom (see [8, Corollary 9.3 VI]). With the above estimation on the function ip e , we can prove 
that Q is a non trivial Levy multiplicative chaos: 

Lemma 19. The random measure Q is a Levy multiplicative chaos and it is non trivial. 
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Proof. Let us use the decomposition of X n to write 

X n {r) = b t + [ cos(t-u) W?(du)+ [ sin(i-u) wf (du)+ I / e (T t e (s)) [N?(th)-(lV\MT?(8))\)- l e (ds)] 



s,- 



where the triples (W 7 "™, W" ,-/V™)„ are independent. Thus we have 

ri=0 

=iV6 £ + V / cos(- • u) W:\du) + V / sin(- • u) W? (du) 
^o^ d e ^o^ e 

AT 

E / / £ (^( S ))[^(d S )-(iv|/ e (T^( S ))i)- i £ (d S )] 

n " S B 



n=0 



Let us compute the Levy exponent of Y . For n, . . . ,r v € K and Ai, . . . , Ajv £K such that the 
following expectations make sense, we have: 

E[ e ^ A <<]=exp(M, e + i^ f (^ Al cos(^. u )) 2 i? £ (d u ) + i^ f A, sin(^ • u)) R e (du) 

We point out that the last quantity can be rewritten as 

/ [Tn b e dy 1 ffr f /-A, , , N ,\2RJdu)dy 
v Ji hi 7 2/ 2 7i 7 Rd V ^ J In A y 

1 /" . / / \ ,\ 2 RAdu)dy 



+ [ r r EL,A./ t K„,,( S )) i y A »/^ r ;, g fa)( s )) \ g 6 (ds) dy\ 

A is^ S 1V ^( T ^)( S ))I^ ln 7 ^ 

where g is defined by g(y) — 4r on the interval [^-,-^pr[- Hence, Q is obviously a Levy mul- 
tiplicative chaos. Furthermore, from the relation (34), it is plain to deduce that the martingale 
(Gn{A))n is bounded in L 1+s as (M n )n is. Thus, the martingale (Gn(A))n converges a.s. and 
in L 1+s towards its limit Q(A), which is necessarily non trivial. □ 

Once we have proved Lemma 17 and 19, we can proceed along the same lines as in [1, Section 
5] to have the following description of the set of good *-scale invariant random measures: 

Proposition 20. The random measures (Q(^4))asZ3(R) an d (^(A))AeB(R) have the same law. 
D.3. Structure of the Levy chaos 

Now, we still have to show that the chaos M can be recovered in the same way as the construction 
set out in section 3. For {t\ , . . . , t p ) £ MP, we introduce the Levy exponent rf of the random variable 
(w e (ti), . . . ,uj e (tp)), namely 

JgJgi«iW e (ti)H H<2pW e (t p )j _ e v'{ti,---,t P ,Q) 
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where Q stands for the vector (q u . . . , q p ) £ W. For T £ K, Q £ W and t^t 0, we define G Q {t, T) = 
if (e~ T ti, . . . , e~ T t p , Q). It is the Levy exponent of the random variable (u e -t (e~ T ii), . . . ,u) e -t (e~ T t p 
Now, we make use of the cascading equation. We claim that for e,e' > 0, the following equality 
holds: 

( w r E )r6R = + w J/ E )r£l 

where the processes uj e and u e are independent. This is an easy consequence of the cascading 
equation and Lemma 14. It follows that, for h > 0, 

G Q (t + h, T) = Gq (t, T) + Gq(h, T-t), 

or 

G Q (t + h,T) - G Q (t,T) _ G Q (h,T-t) 
h h 

Because of Assumption 11 3), at to = In ^ and for all T £ R, the left-hand side converges as h — > 0, 
and so does the right-hand side. It follows that Gq is differentiable w.r.t. t at t — 0, and then at 
every f ^ 0. Furthermore, dtG(t,T) is continuous w.r.t. (<,T) because of Assumption 11 3) again. 
We deduce that 

G Q (t, T) - G Q ( S , T) = j H{e- T+r t u e~ T+ %) dr 

e t-T 

= / H(yti,...,yt p ) 

J e s ~ T 



where 



H(t 1 , ...,t p ,Q) = lim — ^ — rf(t 1 , ...,t p , Q). 
e-¥i — me 



Furthermore, H is a continuous function of (ti,. . . ,t p ). By taking T, s = and by noticing that 
Gq(s,T) = 0, we deduce: 

r 1 ^t 1 ,...,t p ,Q)= [' H(yt 1 ,...,yt p )^- (42) 
J\ V 

Now we want to prove that H stands for the finite-dimensional distributions of an ID process. For 
that purpose, observe that (41) and (30), that is V'e(l) = 0, implies that, for each i g I, the ID 
random variable with Levy exponent 

— me 

is tight. Indeed, both relations imply that its characteristic triple (b e ,a e ,is e ) satisfies 

sup (al + J min(l, z 2 )v t (dz)^ < +oo and 6 £ + of/2 + J (e z - 1 - zl\ z \ ^ i)v e (dz) = 0. 

Hence, for any (ti, . . . , t p ) £ W , the family of ID random variables with Levy exponents 

QeW ^ —^—r) e (ti,...,t p ,Q) 
— me 

is tight since its one-dimensional marginals have _ i" ne V )£ (g) as Levy exponents. Thus, for any 
(ti, . . . ,t p ) £ M p , Q H» H(ti, . . . , t p ) is necessarily the Levy exponent of some non trivial M p -valued 
ID random variable. Furthermore, H is necessarily associated to a consistent family of random 
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variables since the family [Q t-> _ t 1 ne ? ? £ (^i; ■ ■ ■ ,t p , Q)) p > i ( tl t )grp * s ' Hence, there exists an ID 
stationary random process X on R such that \/p ^ 1 and V(£i, . . . , t p ) eM p 

Jgrg^i^fjH Hq P X tp l _ e H(t t ,...,t p ,Q) 

The Laplace transform tp of Xo (or equivalently of X t for any fel) necessarily satisfies 

0(1) =0 and ijj(l + 5)^6. 

It remains to prove that X is stochastically continuous. Notice that the mapping t E R i-» 
H(0,t,Q) is continuous. In particular, we can choose Q = (<z, — q) for some ? e 1. We deduce 
lim^ E[e 4 «( x *- Xo )] = 1 for all q S R. In particular, JQ-X converges in law towards as t — > 0. 
Therefore X t — Xq converges in probability towards as t — > 0. □ 

E. Proof of Theorem 6 

We explain the proof in dimension d = 1. The generalization to higher dimensions is straightfor- 
ward. Let us consider 6 > such that M admits a moment of order 1 + S. For any e g]0, 1[ and 
n G N* with finite Lebesgue measure, we have from Jensen's inequality: 



E[M([0, -]) 1+s ] > E\M e (\0, -}) 1+s ] 



We deduce: 



E[M([0,1]) 1+5 ] ^ J2 E l M ( 

k=l 



i-1 fc n i 



-]) 1+s ] > nE\M e ([0,-]) 1+s ] 



n n 



Let us define for e e]0, 1[ and q < 1 

F e («,r) = lnE^^"- 2 ^ 1 ) 111 ^ 

and observe that: 

F e (q,r) = J [ipo,rg(y)(q,q) - 2#(1)] — 

Let us consider /i > 1 such that (1 + S)h = 2. By using the concavity of the function x i-> x 1 /' 1 is 
concave and Jensen's inequality, we get: 



E[M e ([0,i]) 1+i ] =E 



E 



M £ ([0,-]) 2X ^ 
n 

l/n /-1/n 



o 

l/n M/r, 



Jo 



; i^ + ^:-(l+5)^(l)lni n 2 drdu 



^n^V nf '^* F5( *' r) 



Gathering the above inequalities yields: 



E[M([0, l]) 1+s ] ^ n- s e inf ^ < i Fdi ' r) . 



(43) 
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Now fix a > 0. Because the mapping u i— > ipo. u (j^, i) is continuous, there exists rj > such that 
IV'o.tiCs) h) ~ V'o.oCi) h)I ^ a for M ^ ^ We cnoose e = ^ and we obtain for |r| < i; 

, , 1 s /1m f nv ,1 1> ,1 L,d« 

m-,r)-F e (-M< I \^r 9{y) (- h ,- h )-M- h ,- h )\^ 

^ a ln(n?7). 

We deduce 

inf F e (~,r) > F £ (|,0) -aWnn) = ln(n??)(^(l + S) - (1 + S)ip(l) -a). 

\r\ < i ft ft 

By plugging this relation into (43), we get: 

E[Af([0, l]) 1+S ] > n S e Mnv){^+S)-{l+Smi)-a) 

Since this relation must be valid for all n large enough, we necessarily have 

ip(l + S) - (1 + 5)^(1) - a < 5. 
Since a > is arbitrary, we deduce 

4>(l + 5) - (1 + 5)^(1) < 5. 
In particular, by convexity arguments (as in establishing (41)) we have: 

<//(i)-V(i)<i. 

□ 

Acknowledgements: The authors would like to thank Hubert Lacoin for useful discussions. 
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